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Motivation

Markowich, Ringhofer, and Schmeiser
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Problem statement

Approximate solution of

∂u(x , t, y)

∂t
+ A(x , y)u(x , t, y) = 0 ρ-a.s. in Γ

(+ initial and boundary conditions) for elliptic differential operator A(x , y)
with y ∈ Γ ⊂ Rd .

uh,I ,δ(x , t, y) :=
∑
z∈Z I

uh,δ(x , t; z )LIz(y)

Construct an approximation for use in

▷ Forward, Inverse Uncertainty Quantification

▷ Sensitivity Analysis

▷ Optimal Control ...
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Problem Discretisation (I)

1 Spatial discretisation: Galerkin FEM

d

dt
uh(t, y) + Ah(y)uh(t, y) = f h(t, y)

2 Parametric discretisation: Sparse Grid Interpolation1

1Smolyak. 1963; Barthelmann, Novak, and Ritter. 2000; Babuška, Nobile, and
Tempone. 2007.
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Tempone. 2007.

Ben Kent (University of Manchester) Adaptive Approx for Parabolic PDEs 3 / 14



Problem Discretisation (I)

1 Spatial discretisation: Galerkin FEM

d

dt
uh(t, y) + Ah(y)uh(t, y) = f h(t, y)

2 Parametric discretisation: Sparse Grid Interpolation1

For multi-index set I = {α1, α2, ...}

uh,I (x , t, y) :=I I [uh(x , t, y)]

=
∑
α∈I

d⊗
i=1

∆αi [uh(x , t, y)]

=
∑
z∈Z I

uh(x , t; z )LIz(y)

1Smolyak. 1963; Barthelmann, Novak, and Ritter. 2000; Babuška, Nobile, and
Tempone. 2007.

Ben Kent (University of Manchester) Adaptive Approx for Parabolic PDEs 3 / 14



Problem Discretisation (I)

1 Spatial discretisation: Galerkin FEM

d

dt
uh(t, y) + Ah(y)uh(t, y) = f h(t, y)

2 Parametric discretisation: Sparse Grid Interpolation1

−1
01

−101

−1

0

1

y1 y2

y 3

Tensor Grid d = 3

−1
01

−101

−1

0

1

y1 y2
y 3

Sparse Grid d = 3

1Smolyak. 1963; Barthelmann, Novak, and Ritter. 2000; Babuška, Nobile, and
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Problem Discretisation (II)

3 ADAPTIVE Timestepping: Implicit method with local error control.2

▷ Selects time steps ∆t1, ∆t2, ∆t3, ... such that

∥uh(t +∆tk , z ; uh,δ
k )− uh,δ

k+1(z ; u
h,δ
k )∥L2(D) ≤ δ

where uh,δ
k ≈ uh(tk).

▷ Extend to continuous time uh,δ(x , t; z ) ≈ uh(x , t; z ).

▷ Final approximation:

uh,I ,δ(x , t, y) :=
∑
z∈Z I

uh,δ(x , t; z )LIz(y)

2Gresho, Griffiths, and Silvester. 2008.
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Toy Example

Consider3 u : D × [0,T ]× Γ→ R such that ρ-a.s.

∂u(x , t, y)

∂t
− ϵ∇2u(x , t, y) + w(x , y) · ∇u(x , t, y) = 0

Γ = [−1, 1]d ⊂ Rd . ∇ ·w ≡ 0, ϵ = 0.1.

▷ Wind field
w(x , y) := w0(x) +

∑d
i=1 λiyiwi (x).

▷ Hot wall BC
u(x , t, y) = (1− x42 ) (1− exp (−t/τ))
for x1 = 1, zero elsewhere.

▷ Initial Condition
u(x , 0, y) = 0 for all (x , y) ∈ D × Γ.
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3Elman, Silvester, and Wathen. 2014.
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Toy Example: d = 4

▷ wi (x) := w0(2(x1 − ai ), 2(x2 − bi )) for x ∈ Di ,

▷ wi (x) = 0 otherwise,

▷ λi = 0.5 for i = 1, 2, 3, 4.

▷ I = {∥α∥1 ≤ 4 + 5}, δ = 10−8.
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Approximation Error and Timestep Evolution

Approximation of uh with Smolyak grids with I k = {∥α∥1 ≤ d + k} and
timestepping LE tolerance δ = O(10−8) (GE tol O(10−5)).
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Error Estimation (I)

Consider error as function of time e(t) :=
∥∥u(·, t, ·)− uh,I ,δ(·, t, ·)

∥∥
L2
ρ(L

2(D))

e = ∥u − uh︸ ︷︷ ︸
spatial

+ uh − uh,I︸ ︷︷ ︸
interpolation

+ uh,I − uh,I ,δ︸ ︷︷ ︸
timestepping

∥L2
ρ(L

2(D))
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Error Estimation (II)

▷ Interpolation Error: Choose I I∗ := I I∪RI . Saturation assumption
results in constant C such that

∥uh − uh,I∥L2
ρ(L

2(D)) ≤C∥uh,I
∗ − uh,I∥L2

ρ(L
2(D))

≤C∥uh,I∗,δ − uh,I ,δ∥L2
ρ(L

2(D))︸ ︷︷ ︸
πinterp(t)

+C

( ∑
z∈Z I∗\Z I

∥eδ(·, t; z )∥L2(D)∥LI
∗

z ∥L2
ρ(Γ)

+
∑
z∈Z I

∥eδ(·, t; z )∥L2(D)∥LI
∗

z − LIz∥L2
ρ(Γ)

)
︸ ︷︷ ︸

πcorr(t)

▷ Split as

πinterp(t) ≤∑
α∈RI

∥∥∥⊗d
j=1 ∆αj [uh,δ(·, t; y)]

∥∥∥
L2
ρ(L

2(D))
=

∑
α∈RI

πinterp,α(t)
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Error Estimation (III)

▷ Timestepping Error:

∥uh,I − uh,I ,δ∥L2
ρ(L

2(D)) ≤
∑
z∈Z I

∥eδ(·, t; z )∥L2(D)︸ ︷︷ ︸
Global timestepping error

∥LIz(y)∥L2
ρ(Γ)

=: πts(t).

▷ Need strategy to compute an estimate πge(t; z ) ≈ ∥eδ(·, t; z )∥L2(D).

▷ Use two different local error tolerances4 and scaling argument5

πge(t) =

(
δ

δ0

)p/p+1

πδ0
ge(t).

▷ Using πge , we have a computable bound

π := πinterp + πcorr + πts.

4Skeel. 1986.
5Shampine. 1994.
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Adaptive SC Algorithm

· · · → SOLVE → ESTIMATE → MARK → REFINE → · · ·

1 Initialise time t = 0, Z = {0}.

2 Solve linear systems associated with each collocation point z ∈ Z ∗ to
time t + ∆t.

3 Estimate πinterp, πcorr, πts, {πinterp,α}α∈RI

4a If πinterp ≥ tol ∝ πcorr, then mark J ⊂ RI and refine I .

4b Else accept timestep t ← t + ∆t.

5 Return to step 2 and repeat until t = T .
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Adaptive Approximation d = 4

π, πinterp, πcorr, πts for the parametric d = 4 double glazing problem
(vertical dotted lines denote parametric refinement)
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Extension to higher dimensions (d = 64)

w(x , y) := w0(x) +
64∑
i=1

(∇× ϕi (x))yi

Stream functions of perturbations
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Numerical Results (d = 64)

Benjamin M. Kent et al. (2022). Efficient Adaptive Stochastic Collocation
Strategies for Advection-Diffusion Problems with Uncertain Inputs. url:
https://arxiv.org/abs/2210.03389

π,πinterp, πcorr, πts for the parametric d = 64 double glazing problem
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Numerical Results (d = 64)

Benjamin M. Kent et al. (2022). Efficient Adaptive Stochastic Collocation
Strategies for Advection-Diffusion Problems with Uncertain Inputs. url:
https://arxiv.org/abs/2210.03389

Maximum interpolant level αmax
i := maxα∈I αi for each parameter dimension i at

snapshots in time
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Numerical Results (d = 64)
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Numerical Results (d = 64)

Benjamin M. Kent et al. (2022). Efficient Adaptive Stochastic Collocation
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Adaptive approximation for parametric
problems is ESSENTIAL!
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Stream function based expansion d = 64

▷ Use w(x , y) = ∇× ψ(x , y) for ψ(x , y) = ψ0(x) +
∑d

i=1

√
λiψi (x)yi .

▷ w0 = ∇×
(
−(1− x21 )(1− x22 )

)
▷ Approximate eigenpairs (λi , ψi ) of

C (x1, x2) =
∏2

i,j=1(1− x2i,j)σ
2
0 exp

(
−∥x1−x2∥2

2

L

)
▷ Choose σ2

0 = 5, L = 1, d = 64.

π,πinterp, πcorr, πts for the parametric d = 64 double glazing problem

10−2 10−1 100 101 102

10−5

10−3

10−1

t

tol π πinterp πcorr πts
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